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We experimentally probe the coupling between particle shape and long-range interaction, using long-range inter-
acting polygons. For two typical space-filling polygons, square and triangle, we find two types of coupling modes
that predominantly control the structure formation. Specifically, the rotational ordering of squares brings a lattice
deformation that produces a hexagonal-to-rhombic transition in the high density regime, whereas the alignment
of triangles introduces a large geometric frustration that causes an order-to-disorder transition. Moreover, the
two coupling modes lead to small and large “internal roughness” of the two systems, and thus predominantly con-
trol their structure relaxations. Our study thus provides a physical picture to the coupling between long-range
interaction effect and short-range shape effect in the high-density regime unexplored before.
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The shape anisotropy widely exists in molecules,
colloidal particles, granules and even living cells.
Its influence on structure ordering is of fundamen-
tal importance to solid designs in condensed matter
physics, self-assemblies in material sciences and emer-
gent behaviors in biological systems.[1−9] Coupling
carefully designed shapes with fine-tuned interactions
brings many possibilities that produce various types
of structures including plastic crystals,[10,11] complex
lattices,[4,5,12] quasi-crystals,[13,14] and glass.[7] Be-
sides static structures, the coupling between shape
and interaction also strongly influences dynamic
responses,[15−19] and determines the system relaxation
properties such as plasticity, frigidity and melting
behaviors.[19−21]

Previous studies have highlighted the importance
of shape effect when it couples with a short-range
interaction.[3,22,23] The geometric constraint from
neighboring particles produces a short-range shape ef-
fect that predominantly controls the lattice structure.
Taking the simple cases of square and triangle as ex-
amples, their unique rotational symmetries force them
to tile up the space with two different lattice struc-
tures: square particles form a square lattice and trian-
gle particles form a honeycomb lattice.[21] The shape
effect also drives the formation of tetratic phase and
triatic phase upon lowering the density.[21,24,25]

Different from a short-range interaction, coupling
a long-range interaction with the shape of particles
presents a totally different scenario. Here, long range
means that the cut-off length 𝑅c of the pair poten-
tial 𝑢(𝑟) is much larger than the particle size. A re-
cent study has shown that square and triangle parti-
cles can form a universal state: the hexagonal plastic
crystal with a lattice constant much larger than the
particle size.[19] In this case, the long-range interac-
tion contribution prevails the anisotropic effect on the
total potential energy, which drives the formation of
six-fold lattice structure, and the coupling produces a
medium-range shape effect that determines the modes
of structure relaxation. However, there are still many
open questions in the high density regime, where par-
ticles are close to each other and the shape effect be-
comes strong enough to compete with the long-range
interaction effect. For example, how does the system
resolve the contradiction between the shape effect and
the long-range interaction effect? What is the dy-
namic response? These questions are helpful to un-
derstand pressure-driven phase transitions in atomic
and colloidal systems, where long-range interactions
are present. However, experimentally it is quite chal-
lenging to observe the structure formation and relax-
ation in the high-density regime, owing to the difficul-
ties of compressing the system to a large density while
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enabling in situ observations.
In this work, using a model system composed by

long-range interacting polygons (squares and trian-
gles), we experimentally investigate the coupling be-
tween particle shape and long-range interaction in the
high-density regime with a single-particle resolution.
We find two types of coupling modes that predomi-
nantly control the structure formation and relaxation.
Specifically, the rotational ordering of squares brings
a lattice deformation that produces a hexagonal-to-
rhombic transition in the high-density regime, whereas
the alignment of triangles introduces a large geometric
frustration that causes an order-to-disorder transition.
Moreover, the two coupling modes lead to small and
large “internal roughness” of the two systems, and thus
predominantly control their structure relaxations.

We first explain our experimental systems. We
use millimeter-sized magnets as particles, which have
a polygon hard core (square and triangle, center-to-
vertex distance ∼3 mm) and a long-range magnetic
interaction. The maximum of the magnetic field
strength is about 0.2 T. We then confine the magnets
in a two-dimensional system. The interaction we mea-
sured in the confining plane is long-range repulsive
(pair potential 𝑢(𝑟) ∝ 𝑟−3.2).[19] Significant potential
anisotropy can be observed at small and medium 𝑟.
This system enables us to study the coupling between
long-range interaction and the anisotropic shape effect
up to the high-density regime, where the lattice con-
stant is close to the particle size. We keep the system
size at a constant and gradually add more particles.
The effective density 𝜙 is defined in such a way that
at about 𝜙 = 1, the mutual repulsion just overcomes
the friction and particles start to “feel” each other at
a distance 𝑟e. Here, 𝜑 = 𝑁𝜋𝑟2e/𝑆, with 𝑁 being the
particle number and 𝑆 being the total area. We equili-
brate the system through small perturbations coming
from a periodically moving plate, which has an ad-
justable distance to the confining box and is randomly
attached with magnets.

The system’s structural order is quantified by such
quantities: the 𝑛-fold bond orientational order param-
eter |𝜓𝑛| calculated from particle centers and the ro-
tational order parameter 𝑆𝑛 calculated from the par-
ticle orientations. Here |𝜓𝑛| is the average of 𝜓𝑛,𝑖,
with 𝜓𝑛,𝑖 =

1
𝑁𝑖

∑︀𝑁𝑖

𝑚=1 exp
𝑖𝑛𝜃𝑚𝑖 , where 𝑁𝑖 is the num-

ber of nearest neighbors around particle 𝑖, and 𝜃𝑚𝑖 is
the angle between 𝑟𝑚 − 𝑟𝑖 and the 𝑥 axis. In com-
parison, a totally disordered state has |𝜓6| = 0, a
perfect hexagonal lattice has |𝜓6| = 1, and a perfect
square lattice has |𝜓4| = 1. The rotational order pa-
rameter 𝑆𝑛 is the average of 𝑆𝑛,𝑖, which is defined
as 𝑆𝑛,𝑖 = 1

𝑁𝑖

∑︀𝑁𝑖

𝑚=1 cos(𝑛𝛩𝑚,𝑖), with 𝛩𝑚,𝑖 being the
angle difference between the orientation 𝛩𝑚 of neigh-
bor particle 𝑚 and the orientation 𝛩𝑖 of center par-
ticle 𝑖. A state with totally parallel aligned squares

has 𝑆4 = 1 and a state with random alignments has
𝑆4 = 0. A state with totally parallel aligned trian-
gles has 𝑆3 = 1 and a honeycomb lattice where all
the neighboring triangles are anti-parallel aligned has
𝑆3 = −1.
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Fig. 1. Hexagonal-to-rhombic structure transition of a
square-particle system in the high-density regime. (a)
Transitions illustrated by the bond orientational order pa-
rameter | 𝜓6 | (top panel), | 𝜓4 | (middle panel) and the
rotational order parameter 𝑆4 (bottom panel). Based on
their evolutions with respect to the density 𝜙, we can
divide the bulk structures into hexagonal plastic crystal
(6 < 𝜙 < 11), hexagonal crystal (11 < 𝜙 < 17) and
rhombic structure (𝜙 > 17). On noting here we pick up
top 50% large value particles to calculate 𝑆4 owing to the
existence of point defects and grain boundaries. (b) and
(c) Illustration of the phase diagram from simulations. A
similar evolution of | 𝜓6 | (upper panel) and | 𝜓4 | (lower
panel) as in the experiments can be observed at a cut-off
length 𝑅c ≥ 5. (d)–(i) Typical configuration of the three
bulk structures from experiments and the agreements with
simulations at 𝑅c = 8. Hexagonal lattice with a weak ro-
tational order is shown in (d) (𝜙 ∼ 7.35) and (e). Hexag-
onal lattice with long stripes of parallel aligned squares is
shown in (f) (𝜙 ∼ 12.42) and (g). Rhombic structure is
shown in (h) (𝜙 ∼ 18.77) and (i).

Based on evolutions of |𝜓6|, |𝜓4| and 𝑆4 with re-
spect to the density 𝜙 (Fig. 1(a)), we can clearly iden-
tify three types of bulk structures in square-particle
systems: a hexagonal plastic crystal at 6 < 𝜙 < 11,
a hexagonal lattice structure at 11 < 𝜙 < 17 and
a rhombic structure at 𝜙 > 17 (note that we pick
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up the first 50% large value particles to calculate
𝑆4 owing to the existence of point defects and grain
boundaries). Typical configurations are separately il-
lustrated in Figs. 1(d), 1(f), and 1(h).

The hexagonal plastic crystal is characterized by
a high |𝜓6| plateau and a continuous growth of 𝑆4

(Fig. 1(a)). It has a six-fold lattice structure with
many randomly aligned squares, as shown in Fig. 1(d).
This was explained by the long-range interaction in a
previous study.[19]

The hexagonal crystal is characterized by both a
high |𝜓6| and a high 𝑆4 at 11 < 𝜙 < 17. It im-
plies that the anisotropic effect of the interaction be-
comes strong enough to produce a rotational ordering
whereas the long-range effect can still retain a six-
fold positional ordering, as verified by the six-fold lat-
tice configuration composing of long stripes of parallel
aligned squares shown in Fig. 1(f).

The rhombic structure is characterized by a low-
ering of |𝜓6|, a growth of |𝜓4| and a high value of 𝑆4

at 𝜙 > 17. It is caused by coupling of the rotational
ordering with the six-fold positional ordering at the
large density, which deforms the hexagonal lattice to
a rhombic one, as shown in Fig. 1(h). Such a contin-
uous deformation adjusts the confliction between the
strong shape effect and the long-range interaction ef-
fect in the high-density regime.

We confirm our experimental results through ex-
tensive simulations. The interaction that we used in
Monte Carlo simulations has the form 𝑢(𝑟, 𝜃𝑖, 𝜃𝑗) =
𝑈0/𝑟

−3.2+𝐴(𝜃𝑖, 𝜃𝑗)/𝑟
−4.7, with 𝐴(𝜃𝑖, 𝜃𝑗) = 𝐴0[ℎ(

𝜃𝑖
𝜃c
)+

ℎ(
𝜃𝑗
𝜃c
) + 𝐶] being the anisotropic term, ℎ(𝑥) = 1 −

3𝑥2 + 3𝑥4 − 𝑥6, 𝜃c = 𝜋/4 for squares and 𝜃c = 𝜋/3
for triangles. Here 𝑈0, 𝐴0 and 𝐶 are parameters that
can adjust the interaction close to our experimental
measurements.[19] We use a cut-off distance 𝑅c, in
terms of the particle size (center-to-vertex distance),
to control the interaction range. As shown by the
phase diagrams in Figs. 1(b)–1(c), we universally ob-
serve a structure transition similar to our experimen-
tal observations when 𝑅c ≥ 5. The typical config-
urations in simulations agree well with experimental
results, as shown in Figs. 1(d)–1(i). Therefore, we con-
clude that the rotational ordering of squares caused by
the strong shape effect deforms the hexagonal lattice
to a rhombic one at the high-density regime. The
generation mechanism of rhombic structures agrees
with a previous study performed in hard-repulsive
systems.[11]

Interestingly, all the three structures shown in
Fig. 1 have a similar structure relaxation mode. We
observe dislocation gliding in hexagonal lattices at
6 < 𝜙 < 17. Two nearby stripes of parallel aligned
squares extensively move along opposite directions,
as shown by typical samples in Figs. 2(a) and 2(d)
(𝜙 = 7.92) and Figs. 2(b) and 2(e) (𝜙 = 12.98). For

rhombic structure at 𝜙 = 19.09, it is hard to distin-
guish the dislocation pairs. However, we still observe
a similar structure relaxation mode that is featured by
the large movement of stripes along the opposite direc-
tion, as shown in Figs. 2(c) and 2(f). Such a common
feature can be explained by the rotational ordering
of squares, which produces stripes with small internal
roughness and lubricate the large opposite motions.
The explanations are also consistent with studies in
hard cube systems, where the vacancies drive a slid-
ing motion.[26]
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Fig. 2. Structure relaxation dynamics in square-particle
systems. (a)–(c) Three typical configurations formed
through a structure relaxation event at three different den-
sities: 𝜙 ∼ 7.92 in (a), 𝜙 ∼ 12.98 in (b) and 𝜙 ∼ 19.09
in (c). (d)–(f) Illustration of the displacement field during
the structure relaxation corresponding to the formation of
the three configurations shown in (a)–(c). Gliding motion
drives the structure relaxation at all densities. During the
structure relaxation, two nearby strips formed by parallel
aligned squares move in opposite directions owing to the
small “internal roughness”.

Triangle particles in our system have a similar
long-range interaction but a different shape effect com-
pared with square particles. Consistently, we observe
a hexagonal plastic lattice at 7 < 𝜙 < 9, as character-
ized by a high |𝜓6|, a low absolute value of both 𝑆3

and 𝑆6 shown in Fig. 3(a). At 𝜙 > 9, the structure
becomes more and more close to a glass state, as sup-
ported by a decrease of |𝜓6| (upper of Fig. 3(a)) and
a low saturated value of 𝑆6 (𝑆6 ∼ 0.12) appearing at
𝜙 > 12 (lower panel of Fig. 3(a)). The glass state can
be explained by a confliction between the shape effect
and the long-range interaction effect. Nearby triangles
favor an anti-parallel alignment with two edges being
close, which has a lower energy than the parallel align-
ment. It is supported by the negative value plateau of
𝑆3 (𝑆3 ∼ −0.17) appearing at 𝜙 > 12, as shown in the
middle panel of Fig. 3(a). However, the anti-parallel
alignment cannot be satisfied by all neighboring parti-
cles when the coordination number is large, as shown
by three typical locally favored structures in Fig. 3(c).
The frustrated alignments generate many local poly-
morphs that may form a glass state at the high density
regime.[7,18]

Specifically, the type-1 structure is composed of
zigzag-connected anti-parallel aligned particle pairs.
Type-2 structure contains one center particle and
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seven neighbors that are roughly anti-parallel aligned.
Type-3 structure consists of one center particle and six
neighbors, with four of them are anti-parallel aligned.
They produce a large geometric frustration that de-
stroys the positional ordering at 𝜙 > 12, as shown by
two typical configurations in the left panels of Fig. 3(d)
(𝜙 = 9.03) and Fig. 3(e) (𝜙 = 14.31). Through exten-
sive simulations, we find a similar order-to-disorder
transition as in our experiments for 𝑅c ≥ 5, as shown
by the phase diagram in Fig. 3(b), and two typi-
cal configurations in the right panels of Figs. 3(d)–
3(e) (𝑅c = 8). Our results suggest that an order-
to-disorder transition can be produced by increasing
the density of monodispersed and long-range inter-
acting particles. Although the system may possibly
form a complex lattice through repetitions of type-1
structure, the frustrated alignments and their numer-
ous dynamic responses prevent such an ordering.[18]

Our result enriches the families of the order-disorder
transition, which are usually produced by changing
the particle shape, size polydispersity and elastic
heterogeneity.[10,16,27,28]
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Fig. 3. Order-to-disorder transition of triangle-particle
systems in the high-density regime. (a) Evolutions of | 𝜓6 |
(top panel), 𝑆3 (middle panel) and 𝑆6 (bottom panel).
Here | 𝜓6 | forms a high value plateau at 6 < 𝜙 < 9 and
starts to decrease with the further increase of 𝜙. 𝑆3 forms
a plateau with negative value at 𝜙 > 12. It implies a favor
of the anti-parallel alignments of triangles. 𝑆6 also forms
a plateau with low positive value at 𝜙 > 12. (b) Illus-
tration of the phase diagram from simulations. A similar
evolution of | 𝜓6 | as in the experiments can be observed
at a cut-off length 𝑅c ≥ 5. (c) Illustration of typical local
structures consisting of anti-parallel aligned particles. (d)
and (e) Typical configuration from experiments (𝜙 ∼ 9.3
and 𝜙 ∼ 14.3) and the agreements with simulations at
𝑅c = 8. Local structures shown in (c) are highlighted.

The frustrated alignment of triangle particles also
intrinsically determines the structure relaxation mode
in our system. We observe swirl-like large transla-
tional motions that strongly couple with large ro-
tational motions, as shown by two typical samples

at 𝜙 = 9.03 (Figs. 4(a) and 4(c)) and 𝜙 = 14.31
(Figs. 4(b) and 4(d)). Interestingly, two nearby vor-
tices “rotate” in the opposite direction (clockwise or
anti-clockwise), which implies a large “internal fric-
tion” between them. Such a “locked” swirling motion
can be explained by the large “internal roughness” in
our system as a consequence of the large geometric
frustration, which is a genuine feature of amorphous
solids.[29−35]
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Fig. 4. Structure relaxation dynamics in triangle-particle
system. (a) and (b) Typical configurations formed af-
ter a structure relaxation event at two different densities:
𝜙 ∼ 9.03 in (a) and 𝜙 ∼ 14.31 in (b). (c) and (d) Il-
lustration of the displacement field during the structure
relaxation corresponding to the two configurations shown
in (a) and (b). Swirl-like large translational motion cou-
ples to large rotational motion at all densities. During
the structure relaxation, two nearby swirls rotate in the
opposite direction (clockwise or anti-clockwise) owing to
the large internal roughness. (e)–(h) Illustration of local
structure transformations. Type 3 serves as intermediate
of structure transformation between type 1 and type 2.
The pathways form a closed loop.

Interestingly, the structure relaxations are mainly
related to transformations among the three types of
local structures shown in Fig. 3(c). The transforma-
tion pathways are illustrated in Figs. 4(e)–4(h). Type-
2 structure has a rather smooth border that can fa-
cilitate its rotational motion. With the rotation, one
of the seven neighboring particles is pushed out, pro-
ducing a type-3 structure, as illustrated in Fig. 4(e).
Type-3 structure has a unique feature: half of its bor-
der is smooth whereas the other half is rough. It
may serve as intermediates of the structure transfor-
mations. With a small adjustment, type 3 can trans-
form to a structure piece of type 1 that forms the
type 1 array, as shown in Fig. 4(f). We also find that
the transformations are mutual (Figs. 4(g) and 4(h)),
which form reversible pathways that can balance the
population of these local structures.

Our observations may help to explain high-
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performance materials that have a high strength un-
der a large deformation. High strength requires large
internal roughness that reduces the mobility of soft
defect spots whereas large deformation usually cre-
ates many defects that produce destructive structure
relaxations. The balanced structure transformation
pathways here promote non-destructive structure re-
laxations and hence could solve the conflict.

In summary, we have observed two coupling modes
between particle shape and long-range interaction in
the high-density regime. Parallel alignment of squares
forms a rhombic structure, whereas frustrated align-
ment of triangles produces a glass state. To empha-
size, the coupling not only controls the structure for-
mation but also governs the “internal roughness” that
determines the mode of structure relaxation.

Many previous studies have revealed the cou-
plings between the short-range shape effect and the
short-range interactions. However, both the range of
shape effect and the nature of interaction can be ad-
justed, thereby creating many possibilities of coupling
them together.[36] Our study here reveals the impor-
tance of the range of the interaction. It is shown
that soft potential systems, for example, harmonic or
Hertzian, have various solid structures adjusted by the
density.[37] It is interesting to extend our studies to
these systems, where the coupling should produce new
types of structures.
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